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Tropical numbers

Definition ([4])
The min-plus tropical semiring is T := Tpin := (RU {o0}, &, ®) where
@ :=min and © = +.

Alternatively, Tmax := (RU {—00}, max, +), (R>0, min,-), and
(R>p, max, -) are equally valid choices for tropical semirings.

1
m|n % Tmax

|ogT lexp 1 |ogT lexp

(R>0, min) +—— (Rx>g, max)
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Tropical affine and projective space

Definition
Tropical affine space refers to TAY~! := R /R1 while tropical projective
space is defined as TP9~1 := T9\ {(oo0,...,00)}/R1.

We can identify TAY~! with Euclidean space R~ via

(X125 Xn) Z (0,0 — X1y ..y Xp — X1).
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Tropical polytope and polytropes

Definition

The tropical convex hull of V C TP~ finite is the (min-plus)-linear span
of V, i.e

teconv(V) ::{Al(av(l)@---@)\n@v(”) A;GT,VU)GV}.

v

Note: A tropical polytope is the column span of a matrix with the vertices
in V as columns.

Definition ([3]) J

A tropical polytope P is called a polytrope if it is classically convex.
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Tropical hyperplanes

S3(v)

ay, = max{x3 — vi,xo — v2,x3 — v3 }
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Tropical hyperplane arrangements and polytopes
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Max-linear Bayesian networks

Definition ([2])

A max-linear Bayesian network is a random vector X = (Xi,..., Xy)
where the random variables X; can be recursively expressed as

Xi = \/ CU)<J V Z;.
j=1

The expression for the X; can be interpreted as the recursive affine
equation

X=C-XVZ
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Putting the ‘graph’ in graphical model

X1=23

1 2 3
Xo =25
X3 =23
Xy = ca X1V cpoXo V Zy
4 5

X5 = 52X V 53 X3 V Zs
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14 Ngoc M. Tran, Johannes Buck and Claudia Klippelberg
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Fig. 3. Topographic map of the Upper Danube Basin, showing sites of the 31 gauging stations
along the Danube and its tributaries.
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e=j—>iecTnT
e=j->i:e€ TNR\T
e=j~i:ecT\R
e=j>ieeT\T
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Tropical hyperplane arrangements and polytopes
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Networks and shortest-paths

The expression for the X; can be interpreted as the affine expression
X=C-XVZ.

Since Ck = Ck*1 for k > 0, we can solve this recursive equation to get
the expression

X=(l,vCv---vC1).z

=:C*

The matrix C* is called the Kleene star.
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Arrangements and polytropes from digraphs

Definition
For a matrix C € T"*" its weighted digraph polyhedron Q(C) is given by
the (ordinarily convex) set

Q(C) ={xeTP" ! |x;—xj < cjforall L<ij<ni#j}.

Theorem ([1, 5])
Let P be a polytrope. Then, there exists C € T"™ " such that

P = tconv(C*) = Q(C) = Q(C™).
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Finding a minimal facet description
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Covering relations

Definition

For a given digraph D, the transitive reduction D! is the digraph
containing an edge j — i whenever j — i is an edge in D and there is no
other path between j and /.

The set of edges E* of D! are called the covering relations of D.
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Weighted covering relations

Definition

For a given digraph D, the weighted transitive reduction D’ is the digraph
containing an edge j — i with weight c;; whenever j — i is an edge with
weight ¢;; in D and it is the unique shortest path between j and / in D.

The set of edges E” of D" are called the weighted covering relations of D.
Theorem

Let C € T"™*" be lower triangular. Denote by C” the weight matrix of D”.

Then Q(C”) = Q(C) and C° is minimal with respect to number of finite
entries.
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Minimal facet description via covering relations
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Minimal facet description via covering relations
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Lower and upper bounds

Proposition

The unweighted transitive reduction Dt gives a lower bound for D’.

Proposition

The Kleene star C* gives an upper bound for edges that can be added
without affecting Q(C).
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