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Setup (the ‘TL:DR’)




Setup (the ‘TL:DR’)

Question
How can we characterize the combinatorics of polyhedra like the one above that
come from (labeled) weighted acyclic digraphs?
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What is a MLBN?

Definition
A max-linear Bayesian network is a random vector X = (X3,..., X,,) where the
random variables X; satisfy the recursive equations

X, = \/ Cinj V Z;
j=1

forsome C € T"*"™ and 71, ..., Z, i.i.d. random variables.
) )




The first contact




The first contact

X1 =7

Xo=rc19X1V Zy
X3=1c13X1V Z3

Xy = couXo Ve X3V Zy
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Tropical polytopes

Definition
The tropical convex hull of V' € T%*™ finite is the (min-plus)-linear span of V, i. e.

teconv (V) = { MouWe. e, oo™

)\Z‘ER}.
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Tropical polytopes and polytropes

Note: The matrix
C"=1,0ApA’® A" D ...

is called the Kleene star of C' and records the shortest paths in a graph with weight
matrix C.

Definition (Joswig and Kulas 2010)

A tropical polytope P is called a polytrope if it is classically convex.




Tropical polytopes and polytropes

Note: The matrix
C"=I,0ApA’D DA D...

is called the Kleene star of C' and records the shortest paths in a graph with weight
matrix C.

Theorem (Butkovi¢ 2010; Joswig and Loho 2016; Puente 2013)
A tropical polytope P c TAY! s a polytrope if and only if

P = tconv(C™) = Q(C)

for some C' ¢ T*™,




Polyhedra from weighted digraphs

Definition
For C € T™"*", the weighted digraph polyhedron Q(C) is defined by the linear
inequalities

T; — IL‘j S Cij-




Polyhedra from weighted digraphs

Definition
For C € T™"*", the weighted digraph polyhedron Q(C) is defined by the linear
inequalities

T; — a:j S Cij-




Polyhedra from weighted digraphs

Definition
For C € T™"*", the weighted digraph polyhedron Q(C) is defined by the linear
inequalities

T; — a:j S Cij-
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Polyhedra from weighted digraphs

Definition
For C € T™"*", the weighted digraph polyhedron Q(C) is defined by the linear
inequalities

T; — a:j S Cij-
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Covering relations

Definition
For a given digraph G, the transitive reduction G* is the digraph containing an edge
j — i whenever j — i is an edge in G and there is no other path between j and i.




Covering relations

Definition
For a given digraph G, the transitive reduction G* is the digraph containing an edge
j — i whenever j — i is an edge in G and there is no other path between j and i.

The set of edges E* of G* are called the covering relations of G.




Weighted transitive reduction

Definition

For a DAG G with weighted adjacency matrix C' € T"*" define the weighted
transitive reduction Gbc with weight matrix C” € T"*" as the graph containing an
edge j — i if and only if this edge is the unique shortest path connecting j with i.




Weighted transitive reduction

Definition

For a DAG G with weighted adjacency matrix C' € T"*" define the weighted
transitive reduction Gbc with weight matrix C” € T"*" as the graph containing an
edge j — i if and only if this edge is the unique shortest path connecting ; with 7.
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Weighted transitive reduction

Definition

For a DAG G with weighted adjacency matrix C' € T"*" define the weighted
transitive reduction Gbc with weight matrix C” € T"*" as the graph containing an
edge j — i if and only if this edge is the unique shortest path connecting j with i.

Proposition
For every C € T™ " lower-triangular, we have G* C G7, C G.




Minimal facet description

Theorem (Améndola and g 2024)

For C € T™*™ lower-triangular, the set of matrices C' € T"*" such that
Q(C) = Q(C") is the polyhedral cone

C* 4 pos(eij | j — i€ G\ G).

Let C € T"*" be the weighted adjacency matrix of a DAG G. Then, C gives a
minimal facet description of Q(C) if and only if G = G7..
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